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TABLE CF SYMBCLS

1Za/ y » Ug/2 = local shear coefficient

total, drag of a surface
mean height of roughness particles
mean static pressure at a point
instantaneous static pressure at a point
\J U,S + v 1» x.115> - root mean square of the magnitude of
turbulent velocity vector

the Reynolds number at a section
instantaneous velocities at a point in excess of the
mean velocity in the x - y and z directions,
respectively
mean velocity components at a point inthe x . y and z
directions, respectively
U in the Flo“r outside of the boundary layer
the coordinate direction measured along the plate, X . o
being the leading edge of the plate
the coordinate direction perpendicular to the plate,
y . o being the surface of the plate
the coordinate direction perpendicular to x and vy
nomimi boundary layer thickness, taken to be the point
atiere V/Ug - 0*S9
displacement thickness of the boundary layer

Vi
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6 - thickness of the laminar sub-layer
a. = momentum thickness of the boundary layer
S energy thickness of the boundary layer

= dynamic viscosity of the fluid

<
o
I

density of the fluid
\b> = p-f/l0 « kinematic viscosity of the fluid

t = total shear at any point
2/~ at the surface of the plate

A bar over any symbol indicates the temporal-mean value of the quantity
represented and a prime indicates the root-mean-square of the quantity.
Whenever tensor notation is used,

Ih « mean velocity conponent

ui ® turbulent velocity conponent

X ® coordinate direction
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INTRODUCT ION

Although hydrodg/namic equations of motion considering fluid
viscosity have been written in differential form, their solution is, in
general, impossible. If the flow is internally stable - i.e., laminar -
solutions are possible, but they are of limited application to engineer-
ing practice. Moreover, if the fic?r is internally unstable - i.e*,
turbulent - then assumptions must be made about the mechanism of the
turbulent Fluctuations before a solution can be obtained. In an effort
to simplify the fundamental approach Frandtl [1] postulated that in
some floors involving a solid boundary the effect of the fluid viscosity
could be neglected except In a thin region near the boundary known as
the boundary layer (see Fig. 1). This would be possible under the con-
dition that the ratio of the inertial forces to the viscous forces in
the uain flore be large. The flore pattern in the essentially potential
flow outside the boundary layer could then be solved by the classical
methods, and attention was thereby focused on the boundary layer itself.

The laminar boundary layer is comparatively well understood,
since the differential equations describing it .ire susceptible to com-
pleto solution. Blasius [2] integrated the equations for the case of
flow along a flat plate with aero pressure gradient, and his solution
has been experimentally verified by Hansen (5] and Kikuradse [4]. Using
the same equations, other investigators have derived expressions which
have been experimentally verified for the effect of pressure gradient

on the boundary layer, the point of separation, and the conditions for
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transition to turbulent flow. Detailed descriptions of these investi-
gations have been presented by Schlichting [5] and Schubauer and
Skramstad [6]-

Unfortunate, the characteristics of the turbulent shearing
stress are unknown, and hence the equations for the turbulent boundary
layer have yet to be solved by exact methods. However, many approxi-
mate solutions have been derived by assuming the distribution of the
velocity (and hence of the turbulent shearing stress), thereby permit-
ting integration of the boundary-layer equations. This method has
yielded usable relationships for flow along a flat plate with both
smooth [7] and rough [8] surfaces. However# experimental verification
is not available* and the solutions do not pormit the prediction of the
point of separation or the effect of pressure gradient. These two
problems aro the subjects of most boundary-layer investigations today.

Experimental investigations of the flow near smooth flat
plates have been carried out by Schults-Orunow [9], Nikuradse [10],
and Albertson [1133 however > the results have not been correlated, and
each 1ms a different interpretation of the velocity distribution. The
turbulence properties of the boundary layer have not been touched upon
as yet except for the preliminary measurements of Schubauer reported
by Dryden [12].

The purpose of this dissertation is to outline a feasible
method of attack for a long-range investigation of the flow in the
turbulent boundary layer on smooth and rough surfaces. Exploratory

measurements of the drag, velocity distribution* and turbulence were
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taken in order to indicate the line of future research and to evaluate
the present techniques. The mechanism of flow is investigated and

existing theories evaluated and cospared.
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FLOW CHARACTERISTICS AMD THEIR MEASUREMENT

The pertinent characteristics of any flow will be the velocity,
the pressure, and the turbulent Fluctuations. At a point the velocity
will have three components, whereas the turbulent velocity fluctuations
will require at least six quantities for a complete description. The
fluid properties of interest are the density and the viscosity, and the
only boundary properties of interest are its length and roughness.

Instruments now available will measure certain of the char-
acteristies of the flow in the boundary layer, but unfortunatetly not all
those necessary for a completo understanding of the phenomenon. The
mean Flow properties readily measurable are the velocity U (in the
direction parallel to the boundary) and the pressure p at a point.

The assumption that the flow is two-dimensional implies that the lateral
cross component W of the velocity is aero. Ibreover, the component
of velocity ? perpendicular to the boundary is small cospared to U
and so may be neglected in the measurements. The Ffluid properties of
density yQ and kinematic viscosity v* are assumed constant eveiywhere ~
i.e., the fluid is assumed to be inconpressible and of constant temper-
ature throughout. Turbulence properties which are measurable are the
three intensity components, the turbulent shear, the tins derivatives
of these quantities, and several velocity correlations. Of these
quantities, only u* and (0 u/c?t) * were measured in the present
investigation as most essential to the understanding of the mechanism

of the flow. However, as will be shown later, for an analysis of the
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energy balance of the turbulence, several other quantities which at
present are impossible to evaluate would have to be known.

The primary interest of the engineer is simply the force
exerted by the flow on the plate - that is, the drag. Although direct
measurement of the drag has been accomplished through use of force-
measuring instruments, these have boon the cause of appreciable experi-
mental scatter - as noted by Bikuradse [10]. It is probable that
greater accuracy tlian has been achieved in the past could be secured
with this method, but not without considerable expense and difficulty
in the fabrication of equipment.

An alternative, albiet indirect, method is to employ the
momentum equation derived from the Prandtl boundary-layer equations.

The latter equations wore obtained [8] from the Navier-Stokes equation

and the equation of continuity for an incompressible fluid

(in which standard tensor notation is used) by an approximato analysis
of the magnitudes of the ten® in each. For two«~dinenoional steady

flow (see Fig. 1) the equations reduce to
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in which p = fluid density,
x = coordinate distance in the direction of flow, X =0
being the leading edge of the plate,
y = coordinate distance normal to the plate, y = 0 being
the surface of the plate,
U, V = temporal mean velocities in the x and y directions,
respectively*
p « p(X) * tcnporal mean pressure at a point,
temporal mean shear on a fluid element in the x direction
on a plane y « constant. This IS the ay component
of the general fluid stress tensor, all other off-
diagonal components of which are aero.
The boundary conditions for Egs. (1) and (3) are
U «Ug » constant aty » £ , the edge of the boundary

layer,

To obtain the momentum equation, Eq. (1) is integrated between the

limits vy «0 and y « £ for the above boundary conditionsi
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The second integral in Eq. (4) transforms to

which is simplified by introducing the integral of Eq. (3) between

y =0 and y =&

Combining Egs. (4), (6), and (3) gives the momentum equation for flow

in the boundary layer,

or, since the differentiation and integration are independent,

and, dividing through by /OXJg"/2 ,

Tlie quantity within brackets,

is called the momentum, thickness of the boundary layer; it is a measure
of the stress transferred from the main part of tlie fluid to the bound-
ary” layer and thence to tho plate*

The distribution of shear through the boundary layer Can be
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computed by a similar process. This method (described in Appendix I)
consists, iIn brief, of employing the distribution of Wl 1in the
boundary layer to effect a numerical integration yielding the distribu-

tion of ~/tTo .

The last term in Eq. (8) is defined as the local shear coeffi-

cient,

Hence Eq. (7) can be rewritten as

IT there is zero pressure gradient along the plate, the equation is

simply

The total drag D of a plate x 1in length is the integral
of ZZEI taken over the rhole plate from x *0 to s «x . This inte-

gration results in

where Cf a d/(x /E2XSP/2) is the total drag coefficient of the piato.

For zero pressure gradient this expression is sirply

Equations (10) and (11) say be used to confute the shear and

drag coefficients, p ,£ and O being obtained from measurements of
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pressure and mean velocity. The pressure p , the boundary layer thick-
ness 6 , and the momentum thickness 0O can be determined within 2
percents but accuracy is lost in the determination of dd/dbc as it must
be evaluated by graphically differentiating an experimental curve. For
this reason it is to be ejected that Eq. (A1) mil be the more useful
in the analysis of the experimental results.

The boundary-layer thickness S in Ef. (9 is by implication
the point of zero shear - i.c., the point of zero velocity gradient.
For the evaluation Of S the theoretically correct infinite value
could be used, but in correcting for the pressure gradient a finite
value must be assumed. The usual nominal thickness is taken as the
distance from the boundary to the point at which U/gQ » 0*99, This
is rather difficult to determine experimentally dn®© to the low velocity
gradient in this region. Other measures of the boundary-layer thick-
ness are defined by definite integrals and so can be determined with

greater accuracy. The displacement thickness

is physically interpreted as the distance through which the sfcreaislincs
of the potential flow are displaced by the boundary layer. It is
readily apparent that (6-S*) & will be equal to the quantity of
flow in the full boundary layer. The momentum thickness O and the
energy thickness

interpreted in a similar immer. It can thus be seen that 87 ,0

and 6Sk should all be useful in the analysis of the potential Tlow
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outside the boundary layer.

Whereas the drag is the end result of boundary-layer studies,
a detailed investigation must necessarily consider the mechanism of the
flow - in the case of the turbulent boundary layer, the turbulence of
the flow. The turbulence properties of greatest physical significance
are the intensity, shear, and energy balance. In the turbulence fluctua-
tions, the total Kkinetic energy is yO"JA ("ere (g2 » u"2 * v*2 *wl2).
However, since Schubauer [12] has shown that ur, 7% , and w* vary
in the same manner and are of the same order, uT trill give an approp-
riate indication of the kinetic energy. The turbulent shear “ouiv
should be measured as an independent verification of T ” couputed from
the velocity profile.

An energy equation for the turbulent fluctuations can be
derived by & method similar to that used in deriving the mean flow
equations. Liepmann and Laufer [14] and Hsu [15] both obtained the

following equation for the energy balance of the turbulence

The First term of this equation can be interpreted as the rate of pro-
duction of turbulent energy from mean fiorar energy and can be computed
from turbulence and mean velocity measurements rdth fair accuracy. The

second and third terms nay be interpreted as the rate of diffusion of
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turbulent energy to or from the point of reference. Both involve
correlations whose nature is indefinite since neither has been measured
in any flow. The fourth and fifth terms may be interpreted as the rate
of viscous dissipation of turbulent energy. Although q2 is a meas-
urable quantity, the degree of accuracy Will not yet allow a second
differentiation of the distribution. Assuming that the individual
members of the fifth terra vary in the same manner as the first, an
indication of the variation of this term may be obtained from values of
(¢ uZa x)f . Since in the boundary layer (d u/C>X)* cannot be seas-

ured directly, recourse to the assumption of Townsend [16] that

allows measurement of (dv/at) * to be substituted. This sssusption,
which has been discussed in detail by Frenkiel [17], has not been
verified but seems reasonable for isotropic turbulence and probably

is adequate for non-lootropic turbulence.

www.manaraa.Cf



12

EXPERIMENTAL equipment and techniques

The experimental measurements reported herein were made in
the boundary layer along a glass plate mounted in the large air tunnel
of the lotra Institute of hydraulic Research. The tunnel and all
auxiliary Oquipsjent wore built for the Office of Havel Research as part
of a long™2ange investigation of the boundary layer along rough surfaces.

The tumel, which is located in the Hydrau3d.cs Laboratory
Annex, is of the recirculating type r*ith the driving propellor mounted
in the return leg. Power is supplied to the propellor through a Water-
bury Speed Gear which is driven by a constant-speed, 25-horsepower
electric notor. Changing the control setting of the speed gear varies
the speed of the propellor, thereby providing in the test section a con-
tinuous variation in velocity from aero to 90 foet per second. This
control is very sensitive and can be set at any desired velocity within
the accuracy of the measuring instrument. The teat section itself is
24 foet long with an octagonal cross section of 22.08 square feet.

A piece of mirror-quality plate glass, 1/4 inch by 3 feet by
S feet, with an elliptically shaped leading edge formed the test sur-
face. Edge effects were minimised by X/4-inch by 6-inch aluminum side
plates extending the full length of the plate. The assembly was
mounted horizontally 3 feet above the floor of the test section by
means of adjustable guy wires. Added rigidity was obtained by means
of guy wires to the floor and compression struts to the walls of the
tunnel, The final position of the plate was adjusted to within 1/64

inch of the plane of the floor.
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The rough surface consisted of a single piece of No. 3 grit
"Elek-Tro-Gut' sandpaper supplied by the Kinnesota Mining and Manufac-
turing Company. Tills fastened to the plate by double-coated Scotch
tape. The asan particle sise was 0.032 inch; all the grains were
elongated in shape and were oriented with the long axis normal to the
paper. This simplied a very angular roughness, the nominal average
diameter of which was assumed to represent the average roughness height.

A Prandtl-type Pitot tube was used to measure the mean velocity
in the flow outside the boundary layer. The differential pressure was
read with a ITahlen-type manometer to within I/1000 inch of alcohol. In-
side the boundary layer the velocity was obtained from stagnation-tube
readings by assuming that the pressure was uniform at any section. The
stagnation tube was formed of a Ho. 22 hypodermic needle mounted on a
graduated rod; its position relative to any surface was determinable
within 1/LQ00 foot.

At any section the total drag coefficient was obtained by
using Eq. (11) and the measured velocity profile and pressure drop.
Because of the prismatic test section there was a small constant pres-
sure gradient in the tunnel. The term involving this gradient was
always of lesser order than the term involving S , so that the pres-
sure gradient could be assumed to have no effect on the velocity
profile.

Measurements of the intensity of turbulence and the time
derivative of u were made with a hot-wire anemometer. A tungsten

wire 0.10 inch long and 0.00031 inch in diameter was used in con-
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junction with an electronic amplifier [18], the whole operating on a
constant-temperature principle. As is common practice with the hot-
wire anomometer, the wire was calibrated before and after each run. In
this way the constant required in the calculations was obtained with an
accuracy of about 5 percent. The time derivative of u was measured
by adding a differentiating circuit similer to that of Townsend [16]

to the output of tho electronic amplifier. Since the calibration con-
stants used are the same in the evaluation of each quantity# the accu-

racy of (OV./3 t) */u is also about 5 percent.
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DISCUSSION OF RESULTS

Practicable analyses of the boundary-layer problem in pipes
have been obtained through a combination of dimensional analysis,
general reasoning, and experiment. The Karmn-Prandtl logarithmic ve-
locity equations and resistance equations for both smooth and rough
pipes were derived in this manner. Although it may be expected that
the same type of analysis should yield equally useful solutions for Tlow
along a plate, it should not bo supposed that the pipe laws will be
transferable in their entirety to the case of the plate. It 13 readily
apparent that the flaw in the two cases is quite different, since in
the pipe there is axi-aymasetric uniform flow and along the plate thero

13 two-dimonsionai non-uniform fleg7.

The smooth plate will be discussed under the general sections
of velocity distribution, drag, and turbulence. Of these, the velocity

distribution gives the greatest insight into the flew.

Velocity Distribution

One of the chief objectives of this investigation ms the
determination of the parameters associated with similarity of the veloc-
ity profiles. Past investigators of pipe flow have successfully made
use of two such sets of parameters. Prandii [7], Schultz-Grunow [9],
and Albertson simply assumed that the same pararetors would hold for

flow along a flat plate, Nikuradse [10] proposed a different sot based

www.manaraa.c



16

on characteristics of the plate boundary layer alone.

For flow In a smooth pipe one set of parameters is defined
for the region in the proximity of the wall and the other for the remain-
ing Flow [19]. The former expresses the following relationship between

the variables:

In the laminar sub-layer* the region next to the boundary wherein laminar
flow always exists, the velocity distribution is assumed linear, so that

Eq. (15) becomes

For the turbulent fioar near the wall i1t has been found to be

xmors the constants “were determined eirpirically. A second law was for-

mulated for large distances from the wall

but Eq. (18) ms found to be equivalent to Eq. (17) if 8 was taken as
the pipe radius.

It has been assumed by Prandtl and Albertson that Eq. (17)
would hold true for the plate. |In Fig, 2, -sgere the parameters of
Eq. (15) are the coordinates, a composite plot of experimental resuite

for smooth plates in comparison with the smooth pipe equations is shown.
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The results from three typical distributions taken in this investiga-
tion are included. |IT the fTigure is examined carefully, 1t will be
noted that there iIs a systematic progression of the points as the
Reynolds number increases. This trend is emphasized by plotting the
velocity distribution found most satisfactory in this investigation for
the more extreme Reynolds numbers of 10 and 107. Also plotted in this
figure is the equation found by SchuLts-Grunow for these parameters.
Equation (17) does not come close to the experimental points, although
Albertson concluded that ouch was the case. Tho scatter of his results
is so great, even for constant Reynolds nuntoer, that no definite con-
clusions should have been drawn. The mean line of Schults-Grunou*s
experiments trill be seen to be in reasonable agreement with the present
results when it is realized that R was greats« in the former experi-
ments. Because of consistent deviation with Reynolds nunfcer outside of
the laminar sub-layer, this set of pipe parameters is not considered
applicable to the plate.

Inside the laminar sub-layer it is probable that Eq. (16),
or a relation similar to it, describes the flow. Better measurements
are needed before the equation can be verified. The actual thickness
of the laminar sub-layer $ * determined from the point where Eq. (16)
and the experimental points cross io probably a function of R and

could possibly be a function of the same type as the pipe flow - i.e.,

The parameters of Eq, (18) have been used in Fib. 3. The

www.manaraa.c



B

points in this figure are three typical distributions from the present
investigation, and the line is similar to Eq. (17). That this law also
fails to comply with the experimental results is indicated by the same
consistent progression of the experimental points with Reynolds nunfoer.
The scatter is much reduced in the region near y/B * 1.0 , but this
is principally due to the definition of the odge of the boundary layer -
i.,e., Do-U “0.CLDo at y @& S

Another expression derived from Eq. (18) gives the variation
of the form pariracter Q /6 .with the Reynolds nusfoer. |If Eq. (18) is
substituted in the expressions for 0 and S *, the following relation-

ship results,

Since and k2 are definite integrals, they must be constant if

Eq. (18) is to be satisfied. Equation (20) thus predicts that ™ /g >
should increase with R . Analysis of the experimental results for
smooth plates does not show an increase of with R but a strong
tendency for tills parameter to remain constant. Unfortunately, there

is a largo scatter in the results, and thus constancy cannot be abso-
lutely verified. The conclusion drawn, however, is that Eq. (18) is

not a good functional relationship for describing the velocity distribu-

tion*
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The set of parameters most consistent with the experinmental

data is in the form proposed by Nikuradse [10]

for regions away from the surface, and Eq. (16) for the laminar sub-

layer. When rewritten in terms of these parameters, EQ. (16) becomes

The velocity distribution for the region close to the surface is sehe«
mtically shown in Fig. 4, and for the nain part of the boundary layer
the experimental points are plotted in Fig. 5. 1in the range of E
of this investigation the sub-layer is so thin that it cannot be clearly
shown on the lattei*plot. Figure 4 illustrates how the laminar sub**

£d as 2 increases, As is evident
from the definition of 6 and 8 , the thinness of this layer does not

materially affect these quantities. Thus, eines the data on Fig. 8

plot as a single curve, the fora parameter lias the constant value

Furthermore, the shape of the velocity profile being constant ® /£*m 7.1j
henco Egs. (@8) and (21) differ only in the inclusion of Uo in place

of s/% //° . That this introduces a function of the Reynolds number

is obvious, sine® their ratio is \fCf/2 . It is not surprising, then,
that if the parameters of Eq, (21) result in a single curve, those of

Eq. (18) will result in a family.
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The total, drag coefficient for the smooth plate is shown on
Fig. 6 along with the experimental results of Schultz -Grunow and
Nikuradse and the two most commonly used drag equations - the 1/5th

power law

and the von Karman-Schoehherr equation

The experimental points are closer to Eq. (22) for Reynolds numbers
below 10s and closer to Eq. (23) for those above 10®. Tills agrees with
drag measurements of other investigators who used force-measuring
instruments. As lias been seen previously, the pipe laws for velocity
distribution are not applicable to the plate, and hence the above two
drag Laws derived _from them should not be expected to hold exactly. In
fact the extent of the agreement is surprising.

If Eg. (21) is to supply a complete description of the veloc-
ity distribution, S* as a function of R must be specified. This
amounts to specifying the variation of OF with R (&g. -(11) and the
expression for &/g* ). Because of the Limited range of R that it is
feasible to investigate in the laboratory, the function cannot be well
enough defined for extrapolation.

At low values of R the experimental points exhibit the

characteristic transition from the laminar curvej that is, as the
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Reynolds number increases, the flow changes from laminar to turbulent,
and the drag coefficients increase along a smooth curve from the

laminar value. The point of transition can be (and in turbulence
studies generally is) induced at lower Reynolds numbers by artificially
disturbing the flow. In the present investigation this was accomplished
by roughening the leading edge of the plate. However at any given
velocity only a narrow range of roughness is tolerable* too great a
roughness resulting in rough-plate conditions and too fine a roughness

being ineffective.

turbulence

Since iInstruments are not yet available to measure all of the
turbulence characteristics, & detailed quantitative analysis of the
turbulent flow in the boundary layer is not at present possible. How-
ever, those characteristics for which data have been obtained do allow
a qualitative description of the mechanism of flow. The important
quantities that have been measured directly are the intensity u” and
tiie time derivative (0u/0 ©)*/U - in addition, the turbulent shear
/dm has been computed from the velocity distribution.

The degree to which the flow is fully turbulent in the bound-
ary layer can be evaluated by noting the relative magnitude of the
laminar and turbulent shear, The total shear at any point is composed
of the laminar shear ~u(é U/”y) plus the turbulent shear

XN jurb * w » and thus the shear equation can bo written
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which in terms of the parameters of Eq. (21) is

On Fig. 5 are plotted the distributions of ~tf Zqg confuted by the
method described in Appendix | and of the laminar shear at taro Reynolds
numbers. The difference between the ordinates on the two curves is#

of course, ?turb/”™0 * 2 noted from these curves that the
laminar shear is small cospared to the turbulent but not negligible -
especially near the boundary. As the Reynolds number increases, viscous
forces become negligible and inertial forces (represented by ~turb/”o0)
control the flew.

As indicated previously, the kinetic energy of the turbulence
may be measured by u/tlg = This quantity io plotted in Fig. 7 for
several Reynolds numbers. The distribution indicates that the kinetic
energy varies little from the wall to y/£** 2 but decreases as the
edge of the boundary layer is approached. A small variation with Reynolds
nuntoer may be noted but this is not definite enough, considering the
scatter of the points, to be conclusive.

The energy balance of the turbulence can be represented quali-
tatively through the approximation of the production and dissipation
terms in the energy equation (Eq. (13)). The production term
uv (au/t-y) is most accurately evaluated by assuming that the total
shear is given by 2r » ~ iv and thereby computing the whole tern from
the mean flow properties. Hie results of this confutation are shown iIn

dimensionless form on Fig." 8. The fact that this term is positive
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merely indicates that energy is always transferred to the turbulence
from the mean flow. Here it may be noted that the rate of production
of turbulent energy is small over the major part of the boundary layer
but increases very rapidly as the boundary is approached. The rate of
dissipation of turbulence energy can be approximated by assuming that
the curvature of the g2 distribution is negligible [15], and by using
the meaeuremenis of Uu/9t) *d . This latter quantity was measured with
a hot-wire anemometer and is plotted in Fig. 9. Tho indication from
this figure is that the rate of dissipation increases at a nearly uni-
form rato from the edge of the boundary to the surface of the plate.
The mschanism of energy dissipation in the boundary layer is
of interest to the engineer insofar as it explains how the perder which
must be supplied to the flow, i.e,, DUg , is eventually lost. A de-
tailed discussion of this process requires the description of the
several quantities (see Fig. 8) which are involved. The rate of dissi-
pation of onorgy through turbulence at any point within the boundary
layer is which is approximated by 0u/0t) */Q (if the
curvature of the distribution of g2 1is small [15]). The rate at
which energy is being extracted from the mm flow is JrOU,$y) ; In
the min part of the boundary layer this is the rate at which turbulent
energy is being produced, and in the laminar sub-layer it is the rate
at which the mean flow energy is diroctly converted to heat. Since in
turbulent flow these two quantities aro not equal, there raust then be
a transfer of turbulent energy army from the boundary. Unfortunately,

this rate of transfer is the turbulence characteristic which cannot be
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even approximately evaluated. However, the rate at which mean flow
energy is being transferred toward the surface at any point is fcU j
hence the rate at which the point is losing mean flow energy by this
transfer is ~(a(feu)/ey) , The distribution of these quantities in
the boundary layer is shown in Fig. 8. From this figure it may be
noted that the rate of extraction of mean flow energy is very high near
the surface and decreases rapidly up to y/S™ * 2 , -whence it is
relatively small to the edge of the boundaiy layer. This is equivalent
to seying that the greatest loos of energy is in and near the laminar
sub-layer. The rate of dissipation of turbulent energy is likewise
greatest near the laminar sub-layer although it does not decrease so
rapidly. It should be noted that the rate of dissipation would be con-
stant (Ib (& u/)y) Ug » CF G> E/3.038) through the laminar sub«
layer if the velocity distribution were linear. Although such a dis-
tribution is an over-simplification* the rate of dissipation throughout
the sub-layer is undoubtedly of the same order of magnitude. Because
of the hidli rate of dissipation of energy in this area, there is con-
siderable transfer of mean-flow energy from the remainder of the bound-
ary layer. That this is true is readily apparent in the shape of the
mean-flow energy-transfer curve. It is of iInterest to note that these
observations agree in principle with the analysis of Rouse and Kallnske

[20] for the smooth pipe.

ITE Bough Plate

Since the drag of a rough plats is the primary interest of

www.manaraa.cC



25

the engineer, it would seem advantageous to give a complete descrip-
tion of it in the simplest possible terms. A dimensional analysis
which considers the basic characteristics of the fluid, plate, and flov

results in such a set of parameters. In symbolic notation this is

where k is the mean roughness height. Equations (25a) and (25b) may

be reduced to the following dimensionless terms

or

If in the expeidjsental procedure the mean velocity of the
flow is fixed and the drag of various lengths of plates is measured,
this constitutes using the parameters of Egqs. (2Sa) and (26b). |If a
plate of a fixed length is considered and the drag is measured as the

mean velocity is varied, this constitutes using the paraiaeters of EQs.
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(27a) and (27b). Which of these two methods of description is the more
significant will have to be decided after inspection of the experimental
results. A family of curves thus results when OFf is plotted versus

R for various values of Uq k/yJ as shown in Fig. 6. The limiting
condition is the Uy k/f ” 0 lino - the smooth plate. (An alternative
family of curves of constant x/k are included. ) The local shear
coefficient Cf is related to the slope of the curves of constant

uo i and careful inspection will reveal that it would vaxy in a
manner similar to Of « Although graphical differentiation would be
possible, it is not accurate enough to give well defined results.

It nay be noted in Fig. 6 that the curves of constant Uqg k /\
all approach the smooth-plate curve as the Reynolds number increases
and diverge from it as E decreases. The effective roughness of the
piato is therefore determined by the magnitude of the drag coefficient
compared to that of the smooth plate. Consequently, tho plate may be
considered to bocome rougher as either Ug k/”> increases or Ug xX/y>
decreases. In engineering practice the principal use of these relations
will be thO prediction of the drag of rough plates. The total drag of
a plate can b© computed from known quantities If the roughness param-
eter and the Reynolds number are within the limits investigated. Tills,
of course, presumes that the roughness is similar to that investigated.
IT 1t 1s not of the angular-sand-grain type, then an approximation must
be made. For this reason it is apparent that in any future study of
rough surfaces an attempt must be made to correlate the possible types

of roughness. The standardised roughness might best be the uniform-
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round-sand-grain type used in pipes.

Although the above dimensional analysis supplies an adequate
description of the drag characteristics in conventional terms» it does
not indicate the mechanics of the flow. Application of the general
principles of fluid mechanics will aid in understanding tho flow along
the plate and assist in interpreting the experimental results. Quite
aside from a possible laminar sono, there are three modes of flow along
a plate of constant roughness where there ira3 only one after tho transi-
tion on the smooth plate. Hear tho front of the plate the roughness
height relative to tho laminar sub-layer thickness is large, and con-
sequently the form drag of the individual grains is paramount in con-
trolling the flow. Far downstream on the plate tho lamicar sub-layer
liass grown so that it completely envelopes the roughness elements, and
the plate has then become effectively smooth. Although the laminar sub-
layer now controls subsequent change in tho flow pattern, the influence
of residual upstream conditions precludes congruence with smooth-plate
conditions. However, in the effectively smooth regj.cn the flow farther
downstream steadily approaches smooth-plate conditions. Between those
two modes of flow there must necessarily be a transition sono in which
the roughness effects and the viscous effects are of the same order of
importance. Over the limited range of the drag curves presented here-
with, a definite demarkation is not apparent between theso zones, since

the actual transition is very gradual.

The Hough Zone

Lagthegregiongofthe plate where the flow is fully rough, the
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plate properties control the flow. The local shear coefficient cf
should consequently depend only on the basic geoiaetsy Of the plate and
Not upon the viscous characteristics of the flow reflected by Ug X/y) *

This is best expressed in the form

Since the total drag coefficient Of is the mean value of CF upstream

from a section* it should also be of the fora

This indicates that the linos of constant x/k on the drag plot (Fig.
6) should become horizontal in the rough region « i.e., as the Keynolds
nunfoer increases. Such a tendency is seen to exist.

The relative boundary-layer thickness S /x , like cf * should

also be a function of the basic geometry only - i.e.,

which expression gppears to be satisfied by the experimental results.
If S/x is plotted as a function of W xA> , the lines of constant
XK. tend 1o become horizontal as the rough region is approached.  Un-
fortunately* the scatter of the experimental points* caused by the dif-
ficulty of determination of 6 * prevento a positive conclusion from
being dramn. Honever™ still other expressions can be derived from

Eos. (B) and (X) which can be verified by the experimental data. If
the two equations are conbined and it is recalled that CF * 2 (@/X)*
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indicating that tho linea of constant x/k are also lines of similar
velocity distribution in the fully rough region. It should be noted
that & /S represents parametrically the form of the velocity profile

as long as the form varies in a smooth progression. This is the same

as specifying the form parameter £4$ ** , which also specifies the

shape of the velocity profile. Consequently9 both & /S** and (from

Egq. 2S)) 8jx must be constant along a line of constant x/k in this
region. The second of these parameters is plotted in Jig. 10 as a
function of the Reynolds number. As would be expected from the fore-
going discussion, the curves of constant X/K do become horizontal as
the rough region is approached. Because of the strong tendency to agree-
ment between the predicted and actual behavior of Cp and <f/k in
this region, it is concluded that Egs. (23) and (29) completely describe
the flow. It should be noted here that tho velocity limitations of the
ais* tunnel and the size of the roughness prevented the investigation of

the fully rough zone. In any future investigation an attempt should be
made to measure points in this region through use of several geomet-
rically similar roughnesses of greatly different absolute sizes.

Figures 0 and 10 can now be used to delineate approximately
the edge of the fully rough zone. Although all of the experimental

points lie outside this zone, the lines of constant x/k have been
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extrapolated and, where they become horizontal, a dashed curve is drawn
on each figure. This curve diverges from a line of constant Uo k/”™>

as the Reynolds number increases and appears to be a line of constant

J k J? k/\> 9 as would be expected from consideration of the growth

of the laminar sub-layer. The parameter Indicating tho relative effects
of the roughness and the laminar eub-layor is k/g 1 . .is this param-
eter becomes large, viscous action should have no influence upon the
drag - i.e., In the rough region. If the expression for £ * for smooth

plates is applicable to rough plates, then

«
which shove that the two parameters would then be proportional.

Comparison of Fig. 8 with the Gf plot presented by Schlich«
ting [6] [8] shows good qualitative agreement. The lines of constant
Uo ~/v sigree very well, but the curves of constant x/lI: appear to be
somewhat higher on Fig. 65 for example, the curva of x/k ® 750 on
Fig. 6 corresponds very closely to x/k » 500 on Schlichting®s plot.
There are two reasonable explanations for this lack of agreement. First,
the value of k wused in this investigation was not the uniform-round«
sand-grain size but the average particle size. Second, the pipe veloc-
ity distributions used by Schlichtung in his computations axe only an
approximation to the velocity distribution on the plate. The effect of
this approximation was noted in the discussion of the smooth plate. The
nature of the discrepancies indicates that neither explanation alone is

sufficient.
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RCfeothvely Sooth Zre.

All of the experimental points determined by the mariter lie
in a region in Which the flan? is dependent on both plate and fluid
properties. In the transition sons fron laminar to turbulent firn on
a smooth surface, the drag coefficients, tho boundary-layer thickness,
and the velocity profile are already known to bo influenced by the up-
stream conditions. This must also bo true of the effectively smooth
zone toward tlie rear of a rough surface, since the residual effect of
the rough sona can never be entirely obliterated within finite limits.
However, as either the Reynolds number or z/z increases (the other
parameter remaining constant), the flow approaches the limiting smooth-
plate conditions. On Figs. 6§and 10 this trend may bo noted in the
curves of constant x/k . These curves are presumably tangent to the
smooth curve at a low Reynolds number, but as R increasejf they curve
away from it, have a point of inflection and then reverse, becoming
horizontal as the rough region is approached. The fact that at low
Reynolds numbers the curves are coincident with the smooth plate curve
indicates that the upstream conditions then have a small effect on the
Tlow.

This lessening of upstream influences is also noted in the
velocity profiles. These are grouped together on Figs. 11-14, each
figure presenting the profiles for a constant value of Lh k/~ . It
is not expected that there would be similarity of the profiles in each
figure, this grouping being merely for ease In presentation. As smooth-

plate flow is approached (either by increasing R or by increasing
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x/k) , the profiles approach the smooth. In general terms, as the
smooth region is approached, the profile becomes more curved near the
edge of the boundary layer and less curved near the surface. This is
also described by the variation of s/ s , which increases under these
circumstances from about 3.7 for very rough conditions to the limit of
7.1 for the smooth plate.

As might bo expected, the velocity profiles arc not similar
for any of the geometric and viscous parameters which occur naturally
in the analysis. The trend of the curves of constant velocity profile
is best illustrated on Fig. 8, whereon they aro sketched. In the rough
region they are horizontal and coincide with lines of constant x/k |,
This is as noted before, that for a given value of x/k there :Ic a par-

Tt

ticulLsx velocity profilo in the rough region. In tho transition and
effectively smooth regions these curves of constant 0 /&> - i.e*,
velocity-profile similarity - tend to parallel the smooth-plate

curve, which in itself represents the limiting case of such similarity.

Turbulence

The distribution of ut/ug and (au/K) was measured at
two values of Ug k/*p ® £00 and 1000. Those quantities arc plotted
in Figs. 15-18. It can bo noted from these figures that there Is a
similar progression of profiles of u™/ly and (0u/éi)*/u with x/k
and Uq x/j as in the case of the velocity profiles. However, the
scatter cf the points makes this progression indistinguishablo in many

places, .and hence no similarity of profiles can be established. The
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shape of the curves is the same as for the smooth~plate distributions,
but the ordinates aro different. The intensity and 0 u/9t) /U both
decrease as x/u or Ug x/* increases. A general result of this sort
could be anticipated, since the roughness should create isore turbulence
than the [QUI€ shear process of the smooth plate» Since the general
pattern of the turbulence quantities is similar to that of the smooth

plate, the analysis of the energy balance would be the sane.
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RECOMVENDATIONS for future investigations

A number of significant characteristics of the boundary-layer
flow along a flat plate have been revealed by the data procured in the
present investigation. OFf equal value, however, should be the lines of
endeavor which are immediately apparent when this insist into the
general problem has been obtained. Extension of both tho range and
detail of the present investigation are needed. Specific recomends.—*
tions which can bo made are i

(1) The range of the routinesc parameter- x/k should be
extended so that measurements well inside the fully rough and effectively
smooth regions can be made, A sisple, bub systematic,fora of geometric
roughness that can be fully described and that can be .reproduced at
various 3calcs would be advantageous in many respects. On the other
hand, roughness similar to that of ELkuradse would probably allow sispler
comparison to pipe flow.

(@ Tiie range of the Reynolds number should be extended as far
as practicable to permit more reasonable extrapolation of tho results.
Increasing the power of the present tunnel of the lowa Institute to 40
horsepower and increasing the length of the plate to 20 feet would
increase the linit of this investigation fivefold.

(3 Evaluation of the local shear coefficient CF would be
very desirable - either by measurement of the vcslocity distribution very
near the boundary or by direct force measurements on an element of the

boundary.. This is a more fundamental quantity than the drag coefficient
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Cf but is obviously very difficult to obtain with precision,

{4} The elimination of the pressure gradient along the tunnel,
of course, would improve the accuracy of the results - whether the
expense entailed would bo justified, however, is doubtful,

(5) With regard to the turbulence properties, it would be desir-
able to measure v* , B9, uv , and A when properly functioning
instruments are available, If instruments aro developed to measure
triple correlations and turbulent velocity gradients, these should also
bo measured so that a complete understanding of the energy balance of

the flow nay bo obtained#
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CONCLUSIONS

Exploratory investigations of the turbulent boundary layer
presented in the foregoing pages have resulted in a description of the
mechanics of the flow and indications as to the most feasible line of
attack for future investigations. For both smooth and rough surfaces
it has been found that boundary-layer flow differs sufficiently from
established flow in a pipe to require the use of different parameters
in ito description. In the case of the smooth surface the parameters
are readily obtained; this is not true of the rough surface, where the
flow is complicated by the existence of fully rough, transition, and
effectively smooth regions. A complete description of the flow in the
latter case will require an investigation of each successive region.

More specifically, the following conclusions may be drawn!

For the Smooth Surface

(1) The drag coefficient is closely approximated by the ;ne-
fifth-power law below R « 10j and by the Schoeriherr equation above
R « 106 .

(@) The parameters providing the best correlation of velocity
profiles at all Reynolds numbers are UAL vs.y/£* . Inside the
laminar sublayer it is postulated that the flow is similar to that in a
pipe, for which the most appropriate parameters are 'i/s/"o/e ’vs.

/1% [P’ 1

(5) The thickness of the laminar sub-layer relative to the
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displacement thickness of the boundary layer decreases as the Reynolds
number increases.

(4) The intensity of turbulence relative to the velocity of
the main flow, and hence the Kinetic energy of the turbulence, varies
from the wall to vy / » 2 . On the other hand, the dissipation of
turbulence is a maximum closer to the wall, at about y/s* » 0.3 .

(5) The rate of dissipation of the mean-flow energy is

greatest in and near the laminar sub-layer.

For the Rough 6i.irfae

(1) The drag coefficients can be described eospletely by
specifying the parameters E and x/lz . |In the fully rough region
both cf and CF are independent of E and are functions of x/k.
alone. As either li or x/k increases, the other thereby remaining
constant, the roughness becomes less effective. In the transition and
effectively smooth regions it is surmised that the state of flew is con-
trolled by the parameter k/y ~ , although the only indication of this
is the egression JV g/ p k/v » constant for the end of the transi-
tion zone.

(@) The velocity profiles plotted to the same parameters used
for the smooth surface are similar for constant values of x/k in the
fully rough region. In the transition and effectively smooth regions
the lines of constant velocity distribution - i.e., constant form param-
eter &f $ * - are initially parallel to the smooth-plate curve and

eventually approach the horizontal in the rough region as the Reynolds
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number increases. As the surface becomes increasingly smooth in effect,
the curvature of the velocity profiles becomes more pronounced near the
edge of the boundary layer and less pronounced near the surfaces this
can also be described by stating that the ratio $/$ ~thereby increases*

(3 The boundary-layer “thickness is a function similar "o the
drag coefficients! the general conclusions about C£ are thus applicable
to £%i .

(4) The intensity of turbulence - although it varies In the
same manner - is invariably greater in the rough-surface boundary
layer than in the smooth-surface layer and increases with increasing
relativo roughness, iIndicating that the roughness elements cause more
turbulence than the pure shear process.

(5) The dissipation of energy also is greater in the rough-
surface layer than in the smooth. It was noted qualitatively that the
diceipation increases with roughness, but quantitative results could not

be obtained because of the limitations of the inebruiBsnts.

For Future Investigations

Difficulties encountered in these exploratory investigations
can be overcome only by producing a wide range of similar roughness so
that all sonos of flow can be covered systematically. Measurements of
the local shear of the surface and several turbulence properties should

also be made so that the flow can bo more completely described.
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APPENDIX

Method of Computation of Shear Distribution in the Boundary Layer
The equations of motion for flow in the boundary layer of a

flat plate without pressure gradient are

with the boundary conditions stated on page 4.
Integrating these equations between the limita y « C and

y « ] and combining gives

For a smooth plate the velocity distribution plotted on Fig. 5 is given

by the relationship

If the form parameter, «xa (a constant) is used, then Eq. (10a)

becomes
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Thus Eq. (B) simplifies to

This equation is in its simplest form but not in the form most convenient
for computation as it entails the subtraction of two quantities of like

order. The best form for computation is
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Definition Sketch for Row in the Boundary Layer
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Fg 4
Sketch of \elocity Distribution in Laminar Sublayer
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Fig. 6

Total Drag Coefficient for Smooth and Rough Surfaces
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Fig. 10 Displacement Thickness for Smooth and Rough Surfaces
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